I. INTRODUCTION
In recent years, it has been realized that nonlocal correlations can be certified without any additional assumptions on the internal mechanism of the devices used in the experiment. These nonlocal correlations can be obtained from entangled quantum systems by measuring them in appropriately chosen local observables. This is called a Bell test since the nonlocal nature of the measurement outcomes can be certified by the violation of certain constraints known as Bell inequalities [2, 3] .
Once the existence of such correlations is established, they can be used in what is now referred to as deviceindependent protocols [4] [5] [6] [7] [8] .
Many Bell tests have been performed (see Sec. VII in [3] ), most of them involving atomic and photonic systems (Bell tests in the realm of high energy physics have also been proposed and carried out, see for example [9, 10] and references therein). But, all experiments performed so far have suffered either from the detection loophole or the locality loophole [11] [12] [13] [14] [15] [16] . Needless to say, both the ultimate confirmation of the nonlocal character of nature and the implementations of device-independent quantum information protocols rely on loophole-free Bell tests.
The locality loophole has been closed in experiments with entangled propagating photons [11] [12] [13] , while the detection loophole has been closed with stationary systems like atoms, ions, circuits [14] [15] [16] and only very recently with photons, though not yet in separate locations [17, 18] . It seems natural to seek for the best of both worlds by using a hybrid scenario. The main technological challenge is to have both fast and efficient detection at the same time. Typically, the detection of stationary information carriers (atoms, ions, . . . ) is very efficient, but relatively slow. This implies that the other information carrier (photon) must propagate a very large distance, and the losses add to the overall inefficiency of detection. On the other hand, it is still very challenging to have very efficient and yet still fast photon detection at the single photon level.
In Ref.
[1], we and collaborators proposed a Bell test which requires very low photon detection efficiency and a possible experimental implementation, feasible with available technology. It uses a single atom coupled to the field of a cavity in order to produce a specific entangled state between the atom and the light emitted by the cavity. The idea is to combine efficient detection schemes on the atomic side and the coherent nature of a light field to perform the detection on the photonic side [19, 20] . This technique significantly reduces the required photon detection efficiency and is a promising candidate for a loophole-free experiment.
Here, we present a more detailed analysis of the measurement scenario of that proposal and show that the state proposed allows a violation of the CHSH inequality with only atomic and homodyne measurements, eliminating the need to perform inefficient photoncounting. The paper is structured as follows. In section II, we introduce the target state used in the Bell test. We show that for the measurement scenario of Ref. [1] , we can achieve violation for arbitrarily low detection efficiency. Bell tests on the state using only atomic and homodyne measurements is also considered, and the possibility of inefficient atomic detection is discussed. We then show a possible route to producing entangled coherent states, and conclude in section III.
II. BELL TEST SCENARIO
We will consider a typical Bell test involving two parts, A and B, each measuring two possible observarXiv:1308.5031v2 [quant-ph] 14 Nov 2013 ables (A 0 , A 1 and B 0 , B 1 respectively) with dichotomic outcomes ±1. In this scenario the only relevant Bell inequality is the CHSH inequality given by
The violation of this inequality implies that the measured statistics are nonlocal. In the quantum case, these average values are formally given by the standard rule
where ρ is a quantum state and A i and B j Hermitian operators with ±1 eigenvalues.
In the present paper we will deal with a scenario in which part A holds an atomic system and part B a photonic system. In what follows we will specify the state and measurements that will lead to the desired Bell violation of the CHSH inequality.
A. Quantum state
In this article, we are interested in the following state
where |s and |g are two energy levels of an atom, and |0 and |α are the vacuum and the coherent state of the electromagnetic field, with amplitude α, respectively. This state is a hybrid entangled state of atom-field.
B. Local measurements
Consider a Bell test on the entangled system with the measurement operators
on the atomic system, where σ x and σ z are the usual Pauli operators. For the photonic measurements, as we would like to use the CHSH inequality, we will need a suitable dichotomization of the infinite photon Hilbert space. We choose the two operators,
B 0 represents homodyne measurement of the X quadrature, followed by a binning that outputs "+1" when the measurement result ∈ [−b, b] and "−1" otherwise. B 1 represents photocounting, with the outcome "+1", when no photon is detected and "−1" otherwise.
C. Bell violation: perfect case
With the above constraints, we now show a semianalytical optimization procedure which simplifies numerical computations of the maximum Bell violation. The structure of the A measurements allows one to optimize directly over the measurement angle γ. To see this, substitute Eqs. (4) and (5), and rewrite B in Eq. (1) as
The maximum of B over γ is thus
where the subscript denotes the variable which has been optimized over, and ρ = |ψ ψ|. Inserting (3) for |ψ and defining
yields
We now optimize (14) over the state parameter ν. We first rewrite the above equation as
where
. We plot the behaviour of the function f for the two cases: Fig. 1 . This function has 3 extrema, is symmetric about sin ν = 0, and has |c 2 | ≤ 1 and |c 3 | ≤ 1 at sin ν = 0 and sin ν = ±1 respectively. From Fig. 1 , it becomes intuitively obvious that to have B > 2, we need f to have two maxima between sin ν ∈ (−1, 1). Simple differentiation shows that the extrema satisfy the condition
Thus, the conditions for (15) to have two maxima are
Rewriting the above conditions in terms of c 1 , c 2 and c 3 gives,
C1
: The left graph shows the case when |c2| > |c3| and the right graph is when |c2| < |c3|. As is evident from these graphs, the only possible case for f ≥ 1 is when f and consequently Bγ has 2 maxima in sin ν ∈ [−1, 1] (solid black curve). Note that in both graphs we have let the larger of |c2| and |c3| be 1. This is not necessarily the case, and depends on the specific measurements used. Thus, the condition of 2 maxima is a necessary but insufficient condition for Bγ > 2.
C2
:
as the necessary conditions for B > 2. If either c 2 = 1 or c 3 = 1, and both conditions (C1) and (C2) are satisfied, we have immediately B > 2. If both conditions (C1) and (C2) are met, the maximum B achievable is given by
D. Bell violation: imperfect case
In the Bell test scenario we consider, we assume that the light field suffers from losses due to imperfect intensity transmission, T line . We also assume the atomic detection (A 0 ,A 1 ) and homodyne detection (B 0 ) have perfect detection efficiency, and that the photocounting (B 1 ) has efficiency η. Both the transmission and detection losses are modeled as beamsplitters with transmitivities √ T line and √ η. In this case, the equations (11-13) become,
, and
The form of c 1 is derived using the convention that
. It should further be noted that we have used α completely imaginary in Eq. (21) . The intuition for this comes from the form of B 0 , which is a measurement of the X quadrature, and the form of c 1 , which is the trace of B 0 and the "off-diagonal" terms |0 α| + |α 0|. Drawing the phase space distributions of |0 and |α would then show that using iα ∈ R must give the largest overlap of the projections of the distributions onto the X quadrature. This also implies that the absolute phase of α is not important, but as long as the relative phases between the quadrature measurement and α is π 2 , the c 1 term will be maximized. To satisfy conditions (C1) and (C2), we need to maximize c 2 1 . This can be done by looking for the maximum of (21) 
Theorem 1. If
irrespective of the value of η.
Proof. We first note that since c 2 = 1, we need only satisfy condition (C2) to show that B > 2. This can been seen since
Also, for T line = 1, we have
, and (27)
Then, for |α| → ∞, we have
where we have used b = π 2 √ 2|α| → 0 for |α| → ∞, and the approximation that in the limit of small b, the term e −x 2 can be approximated to unity. The condition (C2) then becomes
where we have made the approximation that for |α| 1,
≈ 0 in Eq. (27) . Since the left hand side of the inequality is exponentially decreasing in |α|, and the right hand side is decreasing as 1 |α| , for any η, ∃ some |α| 1 such that condition (C2) holds. Thus, since c 2 = 1, for T line = 1 and any η, there exists some |α|, γ and ν, which gives B > 2.
F. Scenario with two homodyne measurements
Theorem 1 shows that for any η, there exists a |ψ which can violate the CHSH inequality. Moreover, the setup we have been considering is a highly asymmetric measurement setup, where the light field is subject to either photodetection or homodyne measurement. It is natural to ask if we can perform the Bell test in a symmetric manner, using two homodyne measurements on the photonic side, eliminating the need to consider inefficient photodetectors. In what follows we will show that a Bell violation of B ≈ 2.29 can be reached in this scenario. Moreover, the minimum transmission needed to be able to violate CHSH is T line ≈ 0.68.
Assuming perfect atomic measurements
In the case of two homodyne measurements and perfect atomic measurements, the optimization is even simpler.
We first redefine the measurement operators on the photonic side as
and consider only α imaginary as in Sec. II C. This form of the B 1 measurement operator and binning is arbitrary, and we do not claim that it is optimal. The intuition for using this form of the B 1 measurement comes from the form of Eq. (7). Notice that this operator discriminates the state |0 , and the |α state. We thus choose Eq. (33) to measure the P quadrature to discriminate the states |0 and |α , and choose a binning based on this intuition. This choice of theB operators is also particularly convenient, since in this case, c 2 = −c 3 (refer to Sec. II C), and the function after optimization over γ is
which is trivially maximized by sin
. Thus
where c 1 is given in Eq. (21), and
Optimizing Eq. (35) numerically over |α|, we can plot B ν,γ,|α| vs T line . Fig. 3 summarizes the result. It shows that the largest violation attainable is 2.29, and the minimum required transmission which still yields a violation to be T line = 0.678. This measurement protocol can be directly compared to the one presented in Ref. [21] , and one can see that there is both an improvement on the maximum violation and the minimum transmission (2.26 and 78%). One important remark is that in this measurement scenario, we no longer need to produce the state (3) exactly, and a state of the form |ψ = cos ν|s, 0 + β + sin ν|g, α + β
for any complex β is also a possible candidate, since this corresponds to an appropriate shift in the binnings. We next investigate the behaviour of |α opt |, the value of |α| which optimizes the CHSH violation as a function of the transmission T line . This is an important point, as the state production fidelity is usually inversely proportional to |α| (see for instance Ref. [1] ). As Fig. 4 shows, the typical range of the optimal α is |α opt | ∈ [2.2, 3], which occurs for transmissions above 72%. The discussions above have assumed that atomic detection can be done with unit efficiency. However, the drawback of having high detection efficiencies in the atomic detection usually necessitates long detection times. Although schemes exist to implement fast and efficient atomic detection [22] , such techniques might not always be available. In the next subsection, we treat the problem of inefficient atomic detection, and show that it quickly degrades the achievable CHSH violation.
Inefficient atomic detection
To treat inefficient atomic detection, one assumes that with probability η a , everything proceeds as in the previous section, and with probability 1 − η a , the atomic measurement operators A 0 and A 1 have no effect, and can be modelled by the identity operation 1 1. Then, the CHSH quantity after optimization over the atomic measurement angle gives
where c 1 and c 2 are once again given by Eqs. (21) and (36). The optimization over the angle ν can once again be done analytically, and the resulting expression numerically optimized over α. efficiency must at least be above η a = 0.817 to observe any CHSH violation, since it is the atomic detection efficiency for perfect line transmission. This result is not optimal, as a simple calculation would show that it does not reach the Eberhard bound, η a T line = 2/3 [23] . In the next section, we show a possible scheme to circumvent inefficient atomic detection.
G. Heralded preparation of entangled coherent states
As a byproduct of our proposal, the setup proposed in Ref. [1] to produce the state (3) can also be used to produce an entangled coherent states [24] . Consider the system prepared in the state (3) . If the atom is measured in the (|s + |g ) outcome, the resultant photonic state after a suitable displacement operation is,
where N (α) is a normalization factor, dependent on α. This state is known as a coherent state superposition (or Schrödinger's cat state) [24] , and has been well studied in the literature, with much experimental progress in creating these states [27, 28] . However, producing such states with values of |α| ≥ 1.5 has proven to be a big experimental hurdle. The state production protocol in Ref. [1] thus provides an alternative route to achieving such states with a larger |α|. One interesting thing about this state is that, by sending the state (39) to a 50/50 beamsplitter, one can create entangled coherent states of the form
which is reminiscent of the Bell states with polarization entanglement [29] . It is also worth noting, that such a route to producing a coherent state superposition with the help of atoms is not new, and a similar proposal has been previously studied in Ref. [30] .
Splitting the cat
Notice that the above operation of splitting the state (39) using a single beamsplitter can, in principle, be repeated ad infinitum, leading one to envision the case of n beamsplitters as in Fig. 6 . Denoting the transmittivity (42)
III. CONCLUSION
In this work, we have presented an improved analysis of the proposal to perform a loophole free Bell test in Ref. [1] . We showed that the hybrid atom-photon entangled state and the set of measurements considered in Ref.
[1] allows a violation of the CHSH inequality for vanishing photocounting efficiency with perfect detection on all other measurements.
We also showed that we can perform the Bell test using only atomic and homodyne measurements, eliminating the need to consider inefficient photocounting, and showed CHSH violations down to a transmission of 67.8%. Finally, we showed that the proposed system can be used as a state preparation device to produce a superposition of coherent states, useful for quantum information processing using continuous variables.
